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1. One of the most important properties of ordinary polynomials is that any such

polynomial of degree ^n— 1 is uniquely determined by its values at an arbitrarily

given system of n distinct points. This was observed by Lagrange and the formula

for the determination of any such polynomial is known as Lagrange interpolation

formula. A more general procedure in interpolation is that of Hermite [6], in

which certain consecutive derivatives of the interpolating polynomial are required

to agree with prescribed values at the nodes of interpolation. In 1906 G. D. Birkhoff

[1] considered the most general interpolation problem where consecutive derivatives

of the interpolation polynomial are not necessarily prescribed. As far as the author

knows, this was the first paper concerning the so called Lacunary interpolation.

Remarking on this paper of Birkhoff, J. Suranyi and P. Turan [13] mentioned that

the paper is so general that one cannot expect better formulae than those of

Hermite; one cannot even see from this paper the new feature of this general

interpolation, viz. for each n by the suitable choice of the x{'s and the indices of the

prescribed derivatives the problem can be solvable or can have an infinity of

solutions. On this account in a series of papers [2], [3] Turan and his associates

have initiated the problem of existence, uniqueness, explicit representation and the

problem of convergence of interpolatory polynomials of degree ¿2n— 1 when the

values and second derivatives are prescribed on n given nodes. They called it (0, 2)

interpolation. Here we wish to remark that the problem of explicit representation

and convergence was settled only on the zeros of rrn(x) = (l -x2)P'„.y(x), where

Pn.y(x) denotes the Legendre polynomial of degree ¿n—l. Other interesting

results of this type are due to O. Kis [7], Saxena and Sharma [10] and the author

[9], [18]. It is important to mention that even in a very special case of Birkhoff

interpolation G. Polya [8] obtained interesting results concerning the solution of

the problem of bending of beam. Motivated by this result Turan and his associates

observed a possibility of applying (0, 2) interpolation for finding out approximate

solution of a differential equation of the form y" + A(x)y=0.

The object in this paper is to consider another case of Birkhoff interpolation.

Thus my aim here is to consider the problem of existence, uniqueness, explicit
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representation and the problem of convergence of the polynomials R„(x, f) which

satisfy the properties

Rn(Xi) = f(x,), R'n(Xi) « a,;       i = 1, 2,..., n + 2,

K(x,) = ßt, RT'ixd = yx;       i = 2,3,...,n+l,

where the jc¡'s are (n + 2) zeros of (1 — x2)Pn(x) given by

(1.2) I = Xx > x2 > • ■ ■ > xn + 1 > xn + 2 = -1

and Pn(x) denotes the Legendre polynomial of degree ¿n. Following the termi-

nology introduced by P. Turan we call this case as modified (0, 1, 2, 4) interpola-

tion. This is modified in the sense that second and fourth derivatives are not

prescribed at ±1. It will be shown that Rn(x,f) is of degree ^4n + 3 and exists

uniquely only when n is even. It turns out that the fundamental polynomials are

very closely connected with the polynomials introduced by Egervary and Turan

[4] and as well as with the fundamental polynomials of (0, 2) interpolation [9].

In view of the relation

(1.3) [(1 -x2)P2(x)];LXj = 0,      j = 2,3,...,n + l,

the fundamental polynomials turn out to be simple and this is one of the reasons

why we have introduced ± 1 as nodes of interpolation. Another important remark

to be mentioned here is that this sequence of polynomials converges uniformly to

f(x) in [—1, +1] provided f(x) satisfies the Zygmund condition. This came to

the author as somewhat surprising, in view of the results by Saxena and Sharma

[10] and Saxena [11], [12] where they required even the existence of first and

second derivative respectively. Details of convergence theorem are given in [5].

The conditions of convergence theorem are very similar to G. Freud [5].

2. Existence problem.    Here we shall prove the following:

Theorem 2.1. Let n be even and the points xx, x2,..., xn+2 satisfy (1.2); then

there exists a unique polynomial f(x) of degree ^4n + 3 such that for given yi0, ytl,

yi2, andyti

(2.1) /<*>(*,) = yiv   ifp = 0, 1, then i = 1,2,..., n + 2, ifp = 2,4, i = 2,...,« +1

but if n is odd there does not exist in general a polynomial f(x) of degree ^4/2 + 3

satisfying (2.1) and if there exists such then there are infinitely many.

Proof. First we will prove the result for n even. We will prove that when the

system (2.1) is homogenous, i.e.

(2.2) fw(Xi) = 0, p = 0, 1, then i = 1, 2,..., n + 2, p = 2, 4, i = 2, 3,..., n+ 1

the only solution isf(x) = 0. Now this means that writing out (2.2) as a linear system,

the determinant is #0. Considering the general problem (2.1) this shows that the
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corresponding linear system is always uniquely soluble. In view of (2.2) we can

write

(2.3) f(x) = (l-x2)2Pl(x)qn.y(x)

where qn _ y(x) is a polynomial of degree = n - 1 in x. Using the fact that/<iv>(*j)=0,

j=2, 3,..., n+1, leads to

-xíqn.y(xi) + (l-x2)qr\.y(xí) = 0,       j = 2, 3,..., n + 1.

But this implies that the zeros of (I -x2)q'n.y(x)—xqn-y(x) are the same as the

zeros of Pn(x). Thus we obtain

(2.4) - xqn.y(x) + (1 - x2)q'n.y(x) = CPn(x),

with C a numerical constant. Since every polynomial of degree = n — 1 can be

written as a linear combination of P0(x), Py(x),.. .,Pn.y(x), we can write

n-l

(2.5) qn.y(x) = J «AW
k = 0

using the known results

(2.6) (k + l)Pk + y(x) - (2k + l)xPk(x)+kPk . y(x) = 0

and

(2.7) (l-^P'^x) = ArTV^-A^/Uv)

we can write (2.4) as

(18) 2o lii+T a"+lPk(x)~ ? a*-x (2T^T)PfcW = CPÁX)-

Now comparing the coefficients of F0(^), Py(x),.. .,Pn_y(x) we obtain

0 = an_2 = an_4 =•••=02 = 00,       « even,

0 = ay - a3 = • • • = an_3 = an_1;       n even,

from which it follows that qn.y(x)=0 and using (2.3) we getf(x)=0, which it was

required to prove. In a similar way it can be shown that for n odd 0=a„_2 = a„_4

= • • • =a3=a1=0 but a2, aA,...,an.y all cannot be determined. Therefore for n

odd there does not exist a unique solution. For uniqueness theorem of general

nature we refer to an interesting work [17].

3. Preliminaries for explicit representation of interpolatory polynomials.   Egervary

and Turan [4] gave a new characterization of (l—x2)Pn(x) while considering the
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problem of most stable interpolation in finite interval [—1, +1]. Their polynomials

of most stable interpolation turn out to be

(id ,iW = o^,fw,   /iW = (_^,

i'=2, 3,..., 71+ 1. Obviously

p.x(x}) = 1,       i=j,    .
j = 1, 2,..., n+2,

(3.2) =0,       i*j,

m,(*í) = 0,      y = 2,3,...,n+l.

We will denote

(I-*2)

1-x?
(3.3) X,(x) = H-^ /,(*),       i - 2,3.«+1.

Finally we shall require the fundamental polynomials of modified (0, 2) inter-

polation on the nodes (1.2) obtained in [9]. These fundamental polynomials rk(x)

and pk(x) satisfy the following requirements :

Pt(Xj) = 0,      j = 1,2,...,«+2,

(3.4) ft*(x,)« 1,       /-/,    . .
i,; = 2, 3,...,«+1,

= 0,       i # J,

rfycj) =1,        j =y,
i, 7 = 1, 2,..., n + 2,

(3.5) =0,       f#j,

'•f"(^) = 0,       7 = 2,3.n+\

and are polynomials of degree ¿ 2n + 1. Their explicit forms are given below. For

i'=2, 3.n+1

(3.6) Pi(x) =
(l-*2)1'2^*)

2PL(xt)

where

[a, J* P„(i)w(0 *+J*  /((r>(/) ¿r]

(3.7) H<i) = (1 -r2)"1'2,       a, J*_+* Pn(r>(/) A+J+* /,(r>(0 dt

(3.8) r^Af) = ilíp^-iíl-x^W^W-^l-^^P^J^^ííwíf)^

rn+aW = ^ P2W+1 (1 - ^)PnWP;W

(3.9)
(l-x2)1/2 f*

-U    ̂     />.(*) J   ̂ (t)w(t)dt.
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For /=2, 3,..., n+1 we have

(3.10) ri(x) = ptix) + ^Pn(xMx) + CiPi(x) + C'try(x) + C?rn + 2(x)

where

,,„> ai, (1-X2)l'i(x)-Xlj(x)

(111) m'   d-xf)p:(Xi) -'

(3.12) C(=[„(„+1)+j±|]_i_,

c; = (2(i -x,)(i -*2)[7>;oy()]2)-\

Q" = (2(l+xi)(l-xf)[P:(xi)]2)-\

Here the fundamental polynomial r,(x) is put in much more simpler form than

in [9].

4. Problem of explicit representation of interpolatory polynomials.    For Rn(x)

satisfying (1.1) we have the representation

(4.1) Rn(x) = 2 f(Xi)Ai(x)+ 2 aiBi(x)+ 2 |8,C,(*) + 2 YíDí(x).

A¡(x), Bt(x), Ci(x) and D,(.v) are unique polynomials each of degree  ^4n + 3

determined by the following requirements :

.      .    A'i(Xj) = 0,   /,;= 1,2,..., n + 1,
(4.2) =0, / ¥= J,

A;(Xj) = A?(Xj) = 0,      j = 2, 3,..., n+1,    i = 1, 2,..., n + 2;

*,(*,) = 0,       B'{(Xj)= 1,       /=/
,. „ „ ¡,J = 1,2,..., n+2,
(4.3) =0,       i / /

#(*,) = Ti}^) = 0,      y = 2, 3,..., n+1,   / = 1, 2,..., n + 2;

CiLv;) = C/(.xy) = 0,       7 = 1, 2,..., n + 2,    / = 2, 3,..., n+1,

(4.4) C"i(Xj)=l,       i=j,
;        . Cr(jc,)»0,   /J = 2,3,...,n+1;

A(*y) = Av*y) = 0,       ; = 1, 2,..., n + 2,    i = 2, 3,..., n+1,

(4.5) /)?(*,) = 0,       Z>av;)= 1,       /=/
. ,  .    l,J " 2, 3,..., n + 1.

The explicit representation of these fundamental polynomials is as follows. For n

even we have

(4"6)    Diix) = 12(t - j)Y[P;S)]2'   / = 2'3>---''I+1>   52n+2(.v) = (l-.x2)Pn%v),
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(4.7) Q(x) = 2^-x^p£lp + biD,ix)'       '' = 2, 3' ■■-n+ h

where

(4.8) b,= -4{n(n+l)/(l-xf) + (l-xf)'2},

(4.9) ^(jc) = -±S2n + 2(x)rx(x),       Bn + 2(x) = iS2n + 2(x)rn + a(x).

For / = 2, 3,..., n + l we have

= ^(^»WAtW    1 S3,,+3(s)/,(x)flt(Jc)

(4.10) ^ P;W       +3    (l-xfMxd

+ d,Bx(x) + d[Bn + 2(a)+dïDt(x),

where

2 , 2
(4'H)    d> = "3(1-^(l-*,)2^*!)]*'       ** == ~3(l-xf)2(l+xi)2[P^xl)f

(4.12) df = [20«(n +1) + 32 - 48s? + ̂ ¡f ] TJZ^p'

Ax(x) - A2(*)f 2(.)+ (l +2^})Bx(x)-^ -x2)r»(fMnx)

+1 S2n + 2(x)\rx(x) - (-^^W]

with

(4.14) Xx(x) = 4p />„(*),       An+2(x) = 1~ /».(at),

An+2(x) = A|+2(x)P|(s)+(l+^i|tl)^B+a(x)

(4.15) + &JÖ P„W/>; W A2+a(x)

+g 52n + 2(x){rn+2(s)-^^ P2(x)}-

For /=2, 3,..., n+1 we have

(4.16) Ax(x) = tf (x)+i^t(x)Pn(x)9i(x) + *,*,(*) + e\Bn+2(x) + e'tQ(x)+e¡"Dt(x),

where

(4-17) ei = 2(i-xfn\-xm(xi)}*'   e'i = 2(i+xi)3(i-xfnp:(xi)]i'

,, ]$n j„     3 (n(n + l) ,    _J_\
(4-18) e< - 2\T^cf+(T3w;

and

(4.19) e(" = -6^(^]2-2^xxi)-^r?r(^p„"w-f?;(s(){3/x;(xi)p;(si)+/';''W}.

Verification of these fundamental polynomials are omitted.
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5. Convergence problem.   Consider the sequence of points

(5.1) 1 = x1>n > x2n > • ■ • > *„+!,„ > *n+2.7i = — 1

where xin's stand for the zeros of (1 -x3)Pn(x). [The notation (1.2) of the zeros

(1— x2)Pn(x) was more suitable when n was fixed.] Forming the interpolatory

polynomials (4.1) for each even n we shall write the fundamental functions as

Ain(x), Bin(x) etc. Let/(.x) belong to C[— 1, +1] and we consider the sequence of

polynomials

(5.2) Rn[x,f] = 2 f(Xin)Ain(x)+ 2 ainBin(x)+2 /3«„Cin(x)+ ¿ y.nAnW-
1-1 <=1 1=2 t-1

Now we state the following convergence theorem.

Theorem 5.1. Let f(x) satisfy the Zygmund condition

(5.3) \f(x+h)-2f(x)+f(x-h)\ = o(h)

and for i= 1,2,..., n + 2

|«i»| = o(nVi/log n),       i = 1, 2,..., n + 2,

IA.I = o(n)/(l -xl)112,       \ytn\ = o(n3)/(l -xfn)3'2,       i = 2,..., n +1

then the sequence Rn(x,f) converges uniformly tof(x) in [—1, +1].

6. Preliminaries.   First  we  shall  mention  some  known  results  concerning

Legendre polynomials [15]. For — 1 = x = +1 we have

(6.1) (l-x2)1'*|7'nW| ¿(2/nTr)1'2,

(6.2) \(l-x2)3l*P'n(x)\ = [2(n+l)]112,

(6-3) |(1 -x2)1i2P:(x)\ <n,

(6.4) \P'n(x)\ Ú n(n + l)/2,

(6.5) \Pn(x)\ = 1.

From the results of Egervary and Turan [4] we have

(6.6) "f(1~^)3(jc)»l-P.V)<l,
i » 2 ^n

we also need [15]

(6.7) \P'M\ = dn\i-l)"3'2, / = 2, 3,..., n/2+1,

(6.8) \K(*«d\ * dn2(n-i+2)-™, i = n/2+2,..., n + 1,

(6.9) (i-xfn)^{i_l)2n-2j / = 2,3,...,n/2+l,

(6.10) (l-x?n) > (n-i+2)2n-\ / = n/2+2,..., n+1,

where 0<</=l.
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We will require some estimates concerning fundamental polynomials of Lagrange

interpolation.

From Christoffel Darboux formula [15] we have

(6.11) ¡t»(x)  =  (l-xfn)-1[Pn(Xtn)] 1 + 2 (2r+l)PT(xin)PT(x)

on using (6.5), (6.11) and (6.1) for x=xin we obtain

(6.12) |/in(x)| í n™(l-x¿n)-™[P'n(xln)Y\

and similarly using (6.2)

(6.13) \(l-x2r%n(x)\ Ï n(l-xl)-5li[PL(xin)]-2,

(6.14) |(1-^)3%W| Ú 3n2(l-xfn)-s'i[P:(xin)]-2.

From (3.14) and using above results we obtain

(6.15) 16tn(x)Pn(x) | Z 4«3'2( 1 - xfn) - sli[Pn(xJ] -3 Ú 4d -3.

7. Estimates of the fundamental polynomials of (0, 2) interpolation.

Lemma 7.1. For -1^x^ + 1 we have

(7.1) \Pin(x)\ Ú 144«"1'2(1 -sfj-13'8^;^«)]-3,       i = 2,3,..., n+\,

(7.2) \run(x)\ ú 19/71'2,       |rB+a,B(*)| S 19h1'2.

And for i=2, 3,..., n +1 we have

(7.3) \rfn(x)\ ^/xin(x) + 578J-3(l-s2n)-3'8 + 38i/-2«-1'2(l-xfn)-1'2,

(7.4) 2 K(x)\ Ú M3d-%
i = 2

and on using (6.7)-(6A0) we obtain

71+1
kin(*

<">      ,5 o-Ai=yk)rs """" L |r"wl s 1773''"-

(7.4) follows from (7.3) o« «i/«g (6.6)-(6.10). (7.3) is an easy consequence of (3.13),

(6.15), (7.1), (7.2).

8. Estimation of fundamental polynomials Dtn(x) and Cin(x).

Lemma 8.1. For - 1 ̂  jc^ +1 we have

(8.1)      ¡AnWl = Zd-s(l-xl)-3's[P¿xin)]-2n-\       i = 2,3,...,«+l,

and



1969] A PROBLEM OF J. BALAZS AND P. TURAN. Ill 115

Proof. (8.1) is an immediate consequence of (4.6), (6.1) and (7.1). (8.2) follows

from(8.1)and(6.7H6.10).

Lemma 8.2. For — 1 _x= +1 we have

(8.3) 2i£M* = «O»-V-,
(»2 (' ~Xin)

where d is a constant stated in (6.7).

Proof. From (4.8) it follows that

(8.4) |*ta| ú I2n2(l -xfn)-\       i = 2, 3,..., n+1.

Therefore, on using (8.2) it follows that

1 \binDtn(x)\

O-*?»)1'2
(8.5)

Since

(8.6) |S*,+a(*)| Í 2/riTT,

on using (7.5), (8.6) we obtain

"y       S2n + 2(x)rjn(x)

= 240n-1J-5.

(8.7)
£22(l-x2ny<2[P'n(xtn)]

-1 Sx< +1,

Ï SMn-'d-5.

Now, using (4.7), (8.5) and (8.7), (8.3) follows.

9. Estimation of fundamental polynomials Bin(x).

Lemma 9.1. For -1 =x^ +1 we have

(9.1) \Bln(x)\ = 7n-1'2,       \Bn+aJx)\ á 7n~1'2,

(9.2) 2 \Bin(x)\ = lôlOd-Sn-1'*.

Proof. From (4.9) and (7.2) we obtain (9.1). Since

(9.3) I'in(x) = P'n(x)lin(x) - Un(x)P'n(xin).

Therefore, from (3.13) we obtain

xlin(x)Pn(x)(l-x^WWUx)
(l-x2n)Pi(xin)

8ln(x)Pn(x) = v„    S*o/lT -faW~;
(l-xfn)7>;Gr(n)

Hence, on using (6.1), (6.2), (6.5)-(6.10) and (6.13) we obtain

9tn(x)(l-x2)P2(x)!ln(x)
(9.4)

3(l-;c2n)7>;;(xin)

From (4.14), (3.11), (6.13) and (6.1) we obtain

\^in(x)Xin(x)Pn(x)

£ 2Hn(x)n-1d-2.

(9.5) P»(xJ
= n-ld-%n(x).
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Therefore, on using (6.6)

..  (v\    i a jvvi _ ,j\p2CvM itA

(9-6) 2
Xln(x)Pn(x)p.in(x) | 1 9xn(x)(l -x^PfrxVUx)

Pñ(xin) 3        (\-x?Mxxn)

From (4.11) we obtain

(9.7) \din\ < 3(l-xl)-*[Pn(xin)]-\       \dU\ í 3(l-xl)-*[P¿xln)]-*.

From (9.7), (6.7)-(6.10) and (9.1) we obtain

(9.8) 2 \dinBxn(x) + d¡nBn+2%n(x)\ é 84¿"*/I-1'2.
1=2

Lastly, using (4.12) we obtain

(9.9) K| ^ 190h2(1 -xfny2,       i = 2, 3,..., n +1.

Therefore from (9.9) and (8.1) we obtain

(9.10) 2 KnAnMI á 1520«-1'V-5.
(-3

(9.6), (9.8) and (9.10) proves the lemma.

10. Estimation of the fundamental polynomials in Ain(x).

Lemma 10.1. For — 1 -x= +1 we have

(10.1) \Aln(x)\ £ 33n3'2,       \An+a,n(x)\ Ú 33«3'2,

(10.2) "2 (l-xfnr2\Ain(x)\ g fxn,      fix = llOOOi/-5,
i = 2

(10.3) "2   MinWI   ̂  /i«2-
i-=2

Proof. (10.1)  follows very easily from the corresponding estimates.  Since

|^jn(s)| ¿ 1 we have from (6.6)

n+l

2
i = 2

Again, using (6.6) and (6.15) we obtain

71+1

2
( = 2

From (4.17) we obtain

(10.4) 2 l/AMI ̂ i.

(10.5) 2 MPin(x)PÁx)9tn(x)\ ú d-

(10.6) |e„| S4(l-xl)-s\[Pn(xin)]-*\,       \e'tn\ =4^,^^
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Now, using (10.6), (6.7)-(6.10) and (9.1) we obtain

n+1

(10.7) 2 \einBy,n(x) + einBn + 2,n(x)\ á 112n3'2¿-*.
1 = 2

Similarly

(10.8) *f \einBy,n(x) + e'(nBn+a,n(x)\(l-xfn)112 < U2nll2d-\
( = 2

From (4.18) we have

(10.9) \e"in\ < Sn^l-xfn)-1 â 5n3(l-xfn)-112,       i = 2, 3,..., n+1.

Therefore, using (10.9), and (8.3) we obtain

(10.10) 2 \e"iCUn(x)\ % 4500n2d~5,
1-2

and

n+1

2
(>2

(10.11) "2 \e"iCUn(x)\(l-xîn)m â 4500nd-5.
(>2

From (4.19) it follows on simplifying and using the estimates

(10.12) \e'"\ = 3000nV(l-x(2n).

Therefore,

n + 1

(10.13) 2 K'AnWI ^ 24000nd'5.
1 = 2

On using (10.4), (10.5), (10.8), (10.11) and (10.13) we obtain (10.2). Instead of

using (1.8), (10.11), if we use (10.7) and (10.10) we obtain (10.3). This completes

the proof of the above lemma.

11. The approximating polynomial.   We shall need the following

Lemma 11.1. Let f(x) satisfy the Zygmund condition.

(11.1) \f(x+h)-2fi(x)+f(x-h)\ < e(h),       (x-h,x+h)e[-l, +1],

with

(11.2) lim^ = 0,
«-.o   n

then there exist a sequence of polynomials {ff>n(x)} having the properties

(11.3) f(x)-<f>n(x) = oí«"1)«! -x^+n-1),

(11.4) \tf>'n(x)\ = 0(logn),

(11-5)                            \4i(x)\ = o(n) min {(1 -*2)"1'2, ri},
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which hold in [—1, +1] and also

(11.6) \<pT\x)\ = (1^3))3/2    in -1 < x < 1.

Proof. Existence of {<£„(*)} under the assumption (11.1) and (11.2) has been

independently obtained by V. K. Dzyadyk (Dokl. Akad. Nauk SSSR 121 (1958),

903-906) and G. Freud (Math. Ann. 137 (1959), 17-25). These details are in-

corporated in the book by A. F. Timan [14]. (11.5) follows from the lemma of

G. Freud on page 339 of [5]. (11.6) follows from (11.5) on using Bernstein inequality

in — l<x<l. Proof of (11.4) is on the same lines as of (11.5).

12. Proof of Theorem 5.1. Let f(x) satisfy the Zygmund condition. Then from

Art 11 it follows that there exist a sequence {<j>n(x)} of polynomials of degree at

most n satisfying (11.3)—(11.6). Hence in view of uniqueness theorem

MX) =   2  <Pn(Xin)Ain(x)+ 2  <p'n(xin)Bin(x)+ 2  <f>"ÁXin)Cin(x)

(12.1)
tl + 1

+ 2 WXxin)Dxn(x),
i=2

(12.2) Rn(x,f)-f(x) = Rn(x,f)-Ux)+Ux)-f(x).

From (12.1) and (5.2) we obtain

n+2 n+2

Rn(x,f)-Ux)=   2   [f(Xi.n)-Uxin)]Ain(x)+2   Kn~4>'n(xJ]Bin(x)
i=l i=l

(12.3) + 2   [An - K(Xt,n)]CUx) + 2   Kn - ¿(nV)(*,n)]A.nto
( = 2 i = 2

= Jx+J2+J3+Ji (say).

From (11.3), (10.1), (10.2) and (10.3) we obtain

\Jx\ = o(n-2)33n3'2+2o(n-i)((l-x?ny'2 + n-1)\Ain(x)\

(12.4) *=2
= o(n-ll2) + o(l) = o(l).

From (11.4), (9.1), (9.2) and (5.4) we obtain

(12.5) |7a| = o(l).

From (11.5) and (8.3)

(12.6) 2 <f>n(xin)\Cin(x)\ = o(n) J j}%&L « ri-'d-^n) = o(l).
i = 2 (»2   V1      xiii)

From (8.3) and (5.4)

(12.7) 2 lAnl \Cin(x)\ ï 2o(n) J^"ffi,a = o(1).
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From (12.6) and (12.7) it follows that

(12.8) |/,| = o(l).

Finally, using (5.4) and (8.2)

(12.9) "2 \ytnDln(x)\ Ú 2 ¡rrra I A»(*)| = o(l).
(-2 1 = 2  V1       •*<»■'

Similarly on using (8.2) and (11.6) we obtain

(12.10)     "2 i#ív)(*«n)An(*)i á "2 TTzz^m ̂ «»wi - °w-
i m 2 ( = 2   V *      -*in/

Therefore from (12.9) and (12.10) we obtain

(12.11) |/4| = o(l).

Hence, on using (12.4), (12.5), (12.8), (12.11) we obtain

(12.12) Rn(x,f)-Ux) = o(l).

From (12.2) and (12.12) we finally obtain

\K(x,f)-f(x)\ = 0(1).

This completes the proof of our theorem.
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